We study the heat statistics of a quantum Brownian motion described by the Caldeira-Leggett model. By using the path integral approach, we introduce a novel concept of the quantum heat functional along every pair of Feynman paths. This approach has an advantage of improving our understanding about heat in quantum systems. First, we demonstrate the microscopic reversibility of the system by connecting the heat functional to the forward and its time-reversed probabilities. Second, we analytically prove the quantum-classical correspondence of the heat functional and their statistics, which allows us to obtain better intuitions about the difference between classical and quantum heat.
I. INTRODUCTION
In recent years, techniques for controlling various quantum systems have been put forward. Also, measurement techniques for the thermal and quantum fluctuations in small quantum systems have been significantly improved. It is now at the stage of using those techniques for the experimental studies of the nonequilibrium statistical mechanics [1, 2] . These attempts are not just limited to verifying the fundamental relations in nonequilibrium statistical mechanics known as fluctuation theorems and the Jarzynski equality, but also as a starting point to apply nonequilibrium statistical mechanics for designing efficient heat transferring quantum devices. Therefore, quantum thermodynamics, which has been studied since 1950s [3] , has received renewed interest as the frontier of nonequilibrium statistical mechanics, quantum information theory and nanoscopic physics [4] [5] [6] [7] [8] [9] [10] .
Our understandings about work and heat in small systems have been significantly improved in the past two decades, known as classical stochastic thermodynamics [11] [12] [13] [14] . On the contrary, the framework of quantum stochastic thermodynamics [4, 5, 15, 16, 18? , 19] is far from being well established. In the weakcoupling, Markovian and rotating-wave approximation (RWA) regime, a framework based on the quantum jump method has been established [18, 19] . However, a connection to the well established framework of classical stochastic thermodynamics is lacking, and how to identify the genuine quantum effect in quantum thermodynamics is not straightforward. Also, there are limitations on the time variation of the Hamiltonian of the system, i.e., time variation should be either periodic, near adiabatic, or treated as a weak perturbation [20] . In Ref. [21] , we have introduced the work functional along individual Feynman path and studied the work statistics by using the path integral methods for a quantum Brownian motion model [22, 23] . We note that this model is applicable to strong-coupling, non-Markovian and non-RWA * htquan@pku.edu.cn regime, and the time variation of the Hamiltonian can be arbitrary. Moreover, this approach has an advantage of connecting the classical and quantum work throughh expansions.
In this paper, we extend the path integral approach developed in Ref. [21] and study the heat statistics in a quantum Brownian motion model. Relevant studies can be found in Refs. [24] [25] [26] [27] . In order to avoid subtleties about defining the heat in the strong-coupling regime [28] , we limit ourselves to the weak-coupling case. We would like to point out that the usual settings in the classical stochastic thermodynamics [11, 12] assumes weak-coupling (see Ref. [28] [29] [30] for the strong-coupling case), and thus it is natural to consider the same regime in studying the quantum heat as a first step. From the previous studies for the path integral expression for the heat statistics [31] [32] [33] , we introduce the quantum heat functional along every pair of Feynman paths, and study its properties. In particular, we show the microscopic reversibility (26) using the heat functional. This result connects the heat functional and the probabilities of the forward and the time-reversed paths, and is the most fundamental principle underlying various types of the fluctuation theorem. We further show the quantum-classical correspondence of the quantum heat functional and its statistics.
This article is organized as follows. In Sec. II, we briefly explain the setup of the paper by introducing the Caldeira-Leggett model, and introduce the heat and its statistics based on two-point measurement. In Sec. III, we introduce the heat functional along every pair of Feynman paths and its expansion. In Sec. IV, we show the microscopic reversibility and Jarzynski's equality. In Sec. V, we take the classical limit of the heat functional and prove the quantum-classical correspondence of the heat functional and its statistics. We summarize our result in Sec VI.
II. HEAT AND HEAT STATISTICS IN QUANTUM BROWNIAN MOTION

A. Caldeira-Leggett model
We consider the quantum Brownian motion described by the Caldeira-Leggett model [22] , where the Hamiltonian of the composite system is given by H tot (λ t ) = H S (λ t ) + H B + H SB , with
where p, M , and x denote the momentum, the mass and the position of the particle; p k , m k , and x k denote the momentum, the mass and the position of the k-th degree of freedom of the heat bath; λ t and V (λ t , x) denote the externally controlled work parameter and the potential of the particle; ω k and c k denote the frequency of and the coupling strength to the k-th degree of freedom of the heat bath. Because we assume a linear coupling between the system and the heat bath in H SB , we can analytically trace out the bath degrees of freedom, which brings important insights to the understanding of heat in open quantum systems. The classical limit of this model reproduces the Langevin equation, which is a prototypical model used in stochastic thermodynamics. We assume a weak-coupling between the system and the bath and thus consider the following initial state
Here, ρ S (0) is an arbitrary state of the system, ρ G B = e −βHB /Z B , β and Z B are the Gibbs distribution, inverse temperature and the partition function of the bath, respectively. The reduced density matrix of the system at time τ is given by
] is the unitary timeevolution operator for the composite system. The path integral expression of ρ S (τ ) takes the form [22, [34] [35] [36] 
where
is the Feynman-Vernon influence functional [35] ,
is the complex bath correlation function, µ :
, and x(t), y(t) are the forward and backward coordinates. In Eq. (3), we use the position representation of the initial density matrix ρ S (x i , y i ) := x i |ρ S (0)|y i and the action of the system
is the Lagrangian. We note that the usual path integral expression for a pure state requires only a single Feynman path x(t). However, for a mixed state, we need a pair of Feynman paths {x(t), y(s)} to describe the time evolution as shown in Eq. (3).
For later convenience, we define the path probability of the system conditioned on (x i , y i ) as follows:
Here, the boundary conditions for the forward and backward coordinates are given by x(0) = x i , y(0) = y i , x(τ ) = x f and y(τ ) = y f . We note that Eq. (6) satisfies the usual normalization condition for the conditional probability:
(7) Using this path probability (6), the reduced density matrix of the system at time τ can be obtained as follows:
B. Two-point measurement based definition of heat functional and its statistics
We adopt the two-point measurement definition and measure the energy of the bath twice at time t = 0 and t = τ and obtain E B (m) and E B (m ′ ), respectively. In the weak coupling regime, we can neglect the interaction energy when defining the heat. We thus define the fluctuating heat as the difference in the measured energies of the bath:
Here, the probability of obtaining the outcomes m and m ′ is given by
where P m B := |E B (m) E B (m)| is the projection operator using the energy eigenstate |E B (m) . The heat probability distribution P (Q) is then defined as
By taking the Fourier transformation of P (Q), we obtain the characteristic function of heat χ Q (ν) as follows:
From Eq. (12), the n-th moment of the heat distribution can be obtained from the formula
III. FEYNMAN PATH BASED DEFINITION OF HEAT FUNCTIONAL AND ITS STATISTICS
In this section, we use the path integral formalism and rewrite the characteristic function of heat. Though the characteristic function of heat based on Feynman path (14) is equivalent to that based on the two-point measurement (12), we will show in the following that the Feynman path-based definition of heat functional brings more insights to the understanding of heat in open quantum systems.
We now use the path integral technique and integrate out the bath degrees of freedom in Eq. (12) and express χ Q (ν) by using only the degrees of freedom of the system. The path integral expression for the characteristic function of heat is now given by [31, 32] (see Appendix A for the derivation)
Here, the heat functional Q ν [x, y] is defined along every pair of Feynman paths {x(t), y(s)} as
Using the formula (13), the path integral expression for the n-th moment of the heat distribution is given by
where the integration should be done over
When applying the formula (16) , it is convenient to expand iνQ ν [x, y] in terms of ν as follows:
with
(18) We then find that the first moment of the heat distribution is given by
However, from the noncommutativity in quantum mechanics, the second moment of the heat distribution deviates from the path-integral average of (Q (1) [x, y]) 2 as follows:
We would like to emphasize that the heat functional is a trajectory-dependent quantity, and it cannot be expressed as an observable of a single operator [37] . Therefore, the second term on the right-hand side of Eq. (20) describes the effect of the noncommutativity between operators. Similarly, Q n is not equal to the path integral average of (
n . There are additional terms due to the noncommutativity, and they are contained in the
By taking ν = −iβ, we have
(21) Here, we use the property of the bath correlation function:
Because the heat functional is related to the time-asymmetric part of the two-point bath correlation function, Eq. (21) is related to the ratio of the forward and the time-reversed path probabilities through the microscopic reversibility as we will show in Eq. (26) .
IV. MICROSCOPIC REVERSIBILITY AND JARZYNSKI'S EQUALITY IN QUANTUM BROWNIAN MOTION MODEL
We now show our first main result, the microscopic reversibility of the system by utilizing the heat functional introduced in Eq. (21) . We then utilize the microscopic reversibility relation and show the path integral derivation of Jarzynski's equality.
A. Microscopic reversibility
We now consider the probability of the time-reversed path. We define the time-reversed timet := τ − t and the time-reversed position of the systemx(t) := x(t). Now the time-reversal of the Feynman-Vernon influence functional can be related to the heat functional as follows:
Note that the last three terms inside the exponent of
is time-asymmetric. Since the difference between Eq. (23) and its time-reversed one is found to be equal to βQ β [x, y] (21), we obtain the last equality in Eq. (22) .
Similarly, the time-reversed action is given bỹ
Here,λt := λ τ −t . By defining the time-reversed path probability conditioned on (x f , y f ) as
we obtain the following microscopic reversibility relation (detailed balance relation)
connecting the ratio of the conditional forward and timereversed probabilities and the heat functional. Therefore, we have shown that the heat functional (21) is related to the time-reversal symmetry of the system along every pair of Feynman paths {x(t), y(s)}. For isolated systems,
, which agrees with our intuitions.
Contour used in the path integral formalism to define the internal energy functional and the heat functional. Here,x0(u) is the imaginary time coordinate of the system at t = 0, which is used to define the initial energy functional E β [x0, λ0] (29). Similarly, we define the final energy functional (21) is defined as the time-asymmetric part of the two-point bath correlation function connecting the forward x(t) and backward y(s) coordinates.
We note that the microscopic reversibility of the system (26) is the most fundamental relation in deriving various types of fluctuation theorems [12, 14] . We also note that this microscopic reversibility relation has been obtained for open quantum systems described by the Lindblad master equation [18] . But for the quantum Brownian motion model, it has not been shown so far. Thus we extend the most fundamental fluctuation theorem to quantum Brownian motion model.
B. Path integral derivation of Jarzynski's equality
Having established a connection between the heat functional and the ratio of the conditional forward and timereversed path probabilities (26), we derive Jarzynski's equality based on path integral formalism. See also Refs. [21, 38] for the derivation of Jarzynski's equality using different methods. Let us assume that the initial state of the system is given by the canonical distribution, i.e., ρ S (0) = exp(−βH S (λ 0 ))/Z S (λ 0 ). Then, we can use the imaginary time integral and express the matrix element of the initial density matrix as
is the Euclidian action, andx 0 is the imaginary timecoordinate of the system.
We now define the initial energy functional of the sys-tem as
We note that Eq. (29) reproduces the initial energy statistics of the system, as shown in Appendix B. Similar to Eq. (29), we introduce another imaginary timecoordinatex τ connecting x f and y f (see Fig. 1 ), and define the final energy functional of the system as
. Now the energy difference of the system is defined as
and we define the work functional by utilizing the first law of thermodynamics:
By using Eq. (31), we calculate the path integral average of the exponentiated work (see Fig. 1 for the contour we use for the path integral)
By using the microscopic reversibility (26) and Eq. (31), we have
where we have used the normalization condition of the time-reversed path probability
and derive the last line in Eq. (33) . Therefore, we derive Jarzynski's equality based on the microscopic reversibility of the system (26):
V. QUANTUM CLASSICAL CORRESPONDENCE OF THE HEAT FUNCTIONAL AND ITS STATISTICS
We show our second main result in this section by proving the quantum-classical correspondence of the heat statistics for the Caldeira-Leggett model. Let us first consider the classical limit of the heat functional by expanding Eq. (15) in terms ofhν:
dsL(s−t)x(t)y(s)+O(hν). (36)
We now use the notation X(t) = (x(t) + y(t))/2 and ξ(t) = x(t) − y(t). We note that whenh → 0, we have ξ = O(h) and X = x + O(h) = y + O(h). Therefore, X behaves as the classical trajectory of the system and ξ describes quantum fluctuations. We now introduce the noise function
with L Re (t) := Re[L(t)], satisfying the following properties:
where the average over the noise is defined by
is the weight function with the normalization constant C. In Eq. (39), we use the classical bath correlation function
Therefore, in the high temperature limit β → 0, Ω(t) satisfies the property of the classical noise (39) . Using the noise functional (37) and the classical trajectory of the system X(t), we finally obtain (see Appendix C for details)
is the classical trajectory heat for the non-Markovian dynamics [Eq. (D18)],
is equal to the change of the interaction energy ∆H SB for the classical Brownian motion model [Eq. (D15)], and
is the heat generated by a fast relaxation (initial slippage) of the bath to the conditional canonical distribution for a given initial state X(0) [32] . In the weak coupling regime, we can neglect the interaction energy ∆H SB and also the initial slippage effect Q slip [X, Ω] (see Appendix D for details). Therefore we have
and the quantum heat functional converges to the classical trajectory heat in the weak coupling regime and h → 0 and β → 0 limit. We note that for an Ohmic spectrum of the heat bath
the classical bath correlation function satisfies K(t) = 2γδ(t) with γ being the friction coefficient, and the classical trajectory heat reproduces the fluctuating heat defined by Sekimoto [11] 
where P (t) := MẊ(t) is the classical momentum. We next take the classical limit of Eq. (14) . By takingh → 0, we can use the standard treatment for the stationary phase approximation. We also note that the quantum heat functional converges to the classical fluctuating heat (43) . We introduce the Wigner function
with P i := MẊ i , which converges to the corresponding classical phase space distribution in theh → 0 limit. Now Eq. (14) becomes (see Appendix C for details)
with Therefore, from Eq. (50), the classical limit of the characteristic function of heat converges to its classical counterpart, i.e.,
where • cl-path means average over all classical paths. This completes the proof of the quantum-classical correspondence of the heat statistics. We note that the quantum-classical correspondence of the work statistics has been shown in isolated [39, 40] and open [21] systems.
VI. CONCLUSION
We study the heat statistics for the Caldeira-Leggett model by using the path integral formulation of quantum mechanics. By integrating out the bath degrees of freedom, we introduce the heat functional [Eq. (15)] along every pair of Feynman paths of the system. We show the microscopic reversibility between the heat functional and the ratio of the path probabilities [Eq. (26)], which is useful to improve our understandings about heat in open quantum systems. We further show that the obtained heat functional reproduces the classical trajectory heat in the classical (h → 0 and β → 0) limit. In addition, we show the quantum-classical correspondence of the heat statistics. This allows us to establish connections between the classical and quantum stochastic thermodynamics based on the Brownian motion model. It is left for future study for obtainingh corrections to the classical fluctuating heat. The obtained path integral formalism to study quantum heat in the Caldeira-Leggett model can handle non-Markovian and non rotating wave approximation regime and also for arbitrary time-variation of the Hamiltonian of the system. Therefore, we expect that the path integral approach discussed in this paper would contribute to future works about quantum thermodynamics in this interesting regimes. In this section, we derive the path-integral expression of the characteristic function of heat (14) . Note that we can start from Eq. (12) and integrate out the bath degrees of freedom explicitly as done in Ref. [32] . However, we utilize a different technique used in Ref. [41] to obtain Eq. (14) . For convenience, let us introduce an operator
We move to the interaction picture ρ
(A2) Here, for technical simplicity, we include the counter term µx 2 into the system Hamiltonian and define Eq. (A2). Then, the evolution equation for ρ
whereB I (t) := k c kq I k (t). We integrate Eq. (A3) and obtain
Here, we use the identity following Ref. [41] and derive the second line, andχ is defined bŷ
where the subscripts L and R denote the operators acting on ρ I ν (t) from the left and right, respectively [41] . By using the bath correlation function
given in Eq. (5), we obtain
We combine Eqs. (A4) and (A6) and move to the path integral expression [note thatx
, and finally obtain the characteristic function of heat (14) . Now let us briefly show that Eq. (14) agrees with the result obtained in Ref. [32] . Note that our notation is slightly different from the one used in Ref. [32] . In particular, we use the opposite sign convention for the definition of the heat Q and thus ν as well. Let us introduce the following functions [32] 
Then, the following relation holds:
Now let us compare i∆Φ (ν) introduced in Ref. [32] and iνQ ν [see Eq. (15)] as follows:
Here, η(t) = x(t) + y(t) and ξ(t) = x(t) − y(t), and we use Eq. (A7) and obtain the last equality. Therefore, the characteristic function of heat distribution (14) agrees with that obtained in Ref. [32] .
Appendix B: Some properties of the energy functional
In this section, we discuss some properties of the energy functional introduced in Eq. (29) .
First, the characteristic function of the initial energy distribution can be expressed as follows:
where E S (λ 0 ) is the energy of the system when the work parameter is equal to λ 0 . Using Eq. (B1), we can obtain the n-th moment of the initial energy distribution as
Second, in the classical limit (h → 0), the initial energy functional reproduces the classical internal energy of the system:
whereẋ(0) andx(0) are the classical velocity and position of the system at t = 0, respectively.
Appendix C: Some details of the classical limit of the characteristic function of the heat
In this section, we derive Eq. (42) . We start by performing integration by parts in Eq. (36) and obtain
Here, we use the relation ∂ t K(t) = 2Im[L(t)] and derive Eq. (C1). We note that ξ(t) andξ(t) describe quantum fluctuations from the classical coordinates X(t) andẊ(t). Therefore, we shall neglect the terms proportional to ξ(t) andξ(t) in Eq. (C1) in the classical limit. This procedure is essentially replacing x(t) and y(t) by X(t) in Eq. (C1). After some simplification, we obtain Eq. (42) . Next, we give details of the derivation of Eq. (50). We first expand the potential energy as
) and obtain the lowest order terms of the forward and backward actions:
Next, we perform integration by parts in the FeynmanVernon influence functional (4) and obtain
Here, we use the Habburd-Stratonovich transformation and introduce the noise function (37) and the weight function (40) . Combining Eqs. (C2) and (C3), the classical limit of the characteristic function of heat is given by
Here, we assume the weak coupling regime and use the classical limit of the heat functional (48) in Eq. (C4). We finally obtain Eq. (50) by performing the integral Dξ In what follows, we derive the classical heat in the classical Brownian motion model. The obtained expression is used to show the quantum-classical correspondence of the heat functional and its statistics. We start from the composite system modeled by the classical Brownian motion model and derive the underdamped Langevin equation, which describes the reduced dynamics of the system [42, 43] . This technique is utilized to relate the energy change of the heat bath with the classical heat in stochastic thermodynamics.
The Hamiltonian of the classical Brownian motion model is given by Eq. (1), where we replace all operators by c-numbers, i.e.,x → X,p → P ,x k → q k ,p k → p k , etc. We assume that the initial probability distribution of the composite system is given by the following product state
where ρ S (X(0), P (0)) is an arbitrary distribution of the system. The Hamilton equations for the composite system can be written aṡ
Now we can formally solve the equation of motion as follows:
Substituting Eq. (D6) into Eq. (D3) yields the nonMarkovian Langevin equatioṅ
The term K(t)X(0) is referred to as the initial slippage term which describes a fast relaxation of the bath to the canonical distribution conditioned on the initial state X(0) of the system. Here,
is the noise and K(t−s) defined in Eq. (41) is the classical bath correlation function. We interpret the initial random preparation of the bath coordinates and momenta as the source of the noise. Therefore, the noise average is defined by
where f [Ω(t)] is an arbitrary function of the noise. We can show that the noise satisfies the following properties: Ω(t) = 0 (D11) Ω(t)Ω(s) = β −1 K(t − s).
Next, we consider a Markovian dynamics of the system by taking the Ohmic spectrum (47). Then, the noise becomes the Gaussian white noise Ω(t)Ω(s) = 2kT γδ(t − s).
Now the equation of motion (D8) becomes the Markovian Langevin equation with inertia termṡ P (t) + ∂ ∂X V (λ t , X) + γ M P (t) + 2γδ(t)X(0) = Ω(t).
(D14)
Derivation of the fluctuating heat
We now derive the expression for the fluctuating heat from the energy change of the heat bath plus the interaction. Using Eqs. (D6) and (D7), the change of the interaction energy can be expressed as
Also, the energy change of the heat bath takes the form
We now define heat by the change in the energy of the heat bath Q := −∆H B . Because we can neglect the interaction energy in the weak coupling regime, we have
The last term in Eq. (D17) is related to the initial slippage term K(t)X(0) in the Langevin equation (D8), and it describes the heat generated by the fast relaxation of the heat bath to the conditional canonical distribution. By assuming the Ohmic spectrum (47), we reproduce the stochastic heat for the classical Markovian dynamics of the system: 
This equation of motion is usually used in the study of classical stochastic thermodynamics, and the fluctuating heat Q = −∆H B reproduces the definition of the stochastic heat defined by Sekimoto [11] :
Because we can approximate Eq. (D19) by Eq. (D1) in the weak coupling regime, it is reasonable to neglect the initial slippage term 2γδ(t)X(0) in the Langevin equation (D14). Therefore, we can neglect the heat Q slip (45) associated with the fast relaxation of the system described by the initial slippage term in the weak coupling regime.
